Abstract. To a generically big adelic divisor, we can associate an arithmetic Okounkov body, which is a pair of the geometric Okounkov body and the concave transform of the Green functions. In this paper, we show that the infimum of the concave transform is given by the absolute minimum provided that the divisor is vertically nef. This is a partial generalization of results of Moriwaki (in the curve case) and of Burgos Gil-Moriwaki-Philippon-Sombra (in the toric case).
Introduction
Let X be a smooth projective variety over a number field K. For each nonArchimedean place v ∈ Σ f , we denote the v-adic completion of K by K v , and the Berkovich analytic space associated to X × Spec(K) Spec(K v ) by X an v . For v = ∞, we set K ∞ := C and X an ∞ := ι:K→C (X × Spec(K),ι Spec(C))
an . An adelic R-divisor D := (D, g) on X is a pair of an R-Cartier R-divisor D on X and a collection of continuous functions,
, where each g v is a D-Green function on X an v . An adelic R-divisor D is said to be vertically nef if D is nef, g ∞ is plurisubharmonic, and every g P is a uniform limit of nef models. Moreover D is said to be nef if D is vertically nef and h D (x) 0 for every x ∈ X(K).
Let D be an adelic R-divisor such that D is big. To D we can associate a pair (∆( small norms (Boucksom and Chen [2] , [11] ). The most striking are the integral formulas, which state that, if D is big and D satisfies some mild condition [ Motivated by these formulas, we are interested in the range of the concave function G D . Our aim is to show that, if D is big and D is vertically nef, then the infimum of G D is given by the absolute minimum of D (Corollary 5.7). In the literature, the following are already known.
• In the curve case [10] , [11] or in the toric case [4] , one can see that after some blow up there exists a vertically nef adelic R-subdivisor Q(D) of D such that G Q(D) = G D . Thus in these cases inf G D is determined by the above result. One can expect that such picture holds in more general cases. We shall pursue this point elsewhere.
This paper is organized as follows: in §2, we recall some basic properties of the adelic R-divisors ( [11] ). In §3, we recall the definition and basic properties of the theory of arithmetic Okounkov bodies by Boucksom-Chen ( [2] , [11] ). In §4, we define the arithmetic σ-invariants of pseudo-effective adelic R-divisors (Definition 4.1), and recall a result of Moriwaki [9] asserting that, if G D 0, then NBs(D) = NBs(D) holds (Theorem 4.8). In §5, we prove the main results (Theorem 5.6 and Corollary 5.7) and observe some examples.
The author is greatly indebted to Professor Huayi Chen for many exciting discussions.
Adelic R-divisors
Let K be a number field, let O K be the maximal order of K, and let K be an algebraic closure with a fixed K ⊂ K. Let Σ f be the set of all non-Archimedean places of K and let Σ := Σ f ∪ {∞}. For P ∈ Σ f , we denote the P -adic completion of K by K P , and set (2.1)
for a ∈ K P . For v = ∞, we set K ∞ := C and | · | ∞ the usual absolute value on C. Let X be a smooth projective variety of dimension d over K. We denote the Berkovich analytic space associated to
, and the complex analytic space associated to X C,abs :
φ is continuous and invariant under the complex conjugation .
Let D be an R-Cartier R-divisor (or an R-divisor for short) on X, which can be written as
with prime divisors D 1 , . . . , D l and real numbers a 1 , . . . , a l . Since X is smooth, D 1 , . . . , D l are all Cartier and we set Supp(D) := ai =0 Supp(D i ) endowed with the reduced induced scheme structure. Let v ∈ Σ, and let
having the following properties.
• X U is a reduced irreducible normal scheme that is flat and projective over U .
• The generic fiber
• Each D i extends to an effective Cartier divisor D i on X U , and
In particular, we can write
with vertical effective Cartier divisors D l+1 , . . . , D m on X U and real numbers a l+1 , . . . , a m .
For each P ∈ U , we denote the reduction map by (2.5)
which sends x ∈ X an P to the closed point {ρ P (x)} Zar ∩ X P and is known to be
where f j is a local defining equation of D j near r P (x). Note that g (XU ,DU ) P does not depend on the choice of the expression
, such that g ∞ is invariant under the complex conjugation and that there exists an open subscheme
(XU ,DU ) P for every P ∈ U . We call such an (X U , D U ) a model of definition for D. We denote the R-vector space of all adelic R-divisors on X by Div
which we call the adelic R-divisor corresponding to (D, g ∞ ).
where w runs over all non-Archimedean places of
w . In particular, the notion of adelic R-divisors does not depend on the base field K.
Lemma 2.1. Let D be an adelic R-divisor on X, and let j : Y → X be a morphism of smooth projective varieties over K such that j(Y ) is not contained in Supp(D).
Proof.
(1) is nothing but [11, Proposition 2.1.4], and (2) follows from (1).
A fundamental result on the adelic R-divisors is the following, which we can obtain as a consequence of the Stone-Weierstrass approximation (see [3, Corollary 2.3] , [11, Theorem 4 
• • X | U is U -isomorphic to X U .
• D is relatively nef and D| XU = D U .
• g (X ,D) P − g P sup < ε for every P ∈ S.
Given an adelic R-divisor D, we set
For φ ∈ H 0 (X, D) and for each x ∈ X, φ·f
extends to a regular function near x by Hartogs's extension theorem. Thus
is a continuous function on X an v taking values in R 0 . We set φ
1}.
We say that an adelic R-divisor D is effective if mult Γ (D) 0 for every prime divisor Γ on X and g v 0 for every v ∈ Σ, and denote by D 0. It is clear that,
, and v ∈ Σ, we have a natural homomorphism
Moreover we set (
Given a rational point x ∈ X(K), we denote the minimal field of definition for
where w j runs over all places of K(x) lying over v and x wj ∈ X an v is the point defined by (K(x) wj , w j ), and we define the height of x by
which does not depend on the choice of φ. The following are clear by definition.
Lemma 2.4. Let D, E be two adelic R-divisors on X, and let x ∈ X(K).
(
Definition 2.4. Let D be an adelic R-divisor on X.
(nef ): We say that D is nef if D is vertically nef and h D (x) 0 for every x ∈ X(K). We denote the cone of all nef adelic R-divisors on X by Nef a R (X). (integrable): We say that D is integrable if D can be written as a difference of two nef adelic R-divisors, and denote the R-subspace of all integrable adelic R-divisors on X by Int a R (X). As in [11, §4.5], we can extend the usual arithmetic intersection numbers to obtain the symmetric multilinear map
We know that the function Div
We say that D is big if vol(D) > 0, and denote the cone of all big adelic R-divisors on X by Big a R (X).
(pseudo-effective): We say that D is pseudo-effective if, for every big adelic R-divisor A, we have vol(D + A) > 0. We denote the cone of all pseudo- 
Arithmetic Okounkov bodies
Fix an embedding K ⊂ K and let X be a smooth projective variety of dimension d over K. In this section, we suppose that X is geometrically irreducible over K:
. Let x ∈ X K be a smooth closed point, and let z x := (z 1 , . . . , z d ) be a local parameter system at x. Given f ∈ O X K ,x , we expand f as a formal power series
, and set
where the minimum is taken with respect to a monomial order on R d . We can easily see that v zx, has the valuation-like properties: that is, for
In particular, we can extend the function v zx, :
. . , D l are effective Cartier divisors and a 1 , . . . , a l ∈ R. We choose local defining equations f 1 , . . . , f l of D 1 , . . . , D l at x, respectively, and define
which does not depend on the choice of the expression D = l i=1 a i D i and f 1 , . . . , f l . Let ξ ∈ X K be a point such that {ξ} is defined by z 1 = · · · = z h = 0 at x. The multiplicity at ξ of a non-zero f = I a I z I is defined as the order of vanishing at ξ: that is,
We set
. . , f l as above. Suppose that D is nonzero and effective.
(1) for any ξ ∈ X K , the function X ∋ ξ → mult ξ (D) ∈ Z 0 is upper semicontinuous. (2) Let H be a smooth hypersurface that is defined by
Proof. (1): First, we assume that D is a divisor, and let D ℓ be the ideal sheaf locally generated by derivatives of order ℓ of local sections of
Let D be an adelic R-divisor on X such that D is big, and let ∆(D) be the usual Okounkov body of D K ( [8] , [2] ): that is,
For t ∈ R, we define a compact convex body
(1) The above definitions (3.4) and (3.5) are precisely a translate of the definitions given by Boucksom-Chen [2] and Moriwaki [11] . Note that 
Our definitions have a merit that
Lemma 3.3. We have
Proof. We prove the latter half. The inclusion ⊂ is clear. Suppose that φ 1 , . . . , φ l ∈ Rat(X) × and a 1 , . . . , a l ∈ R satisfy
By [9] , we can write each (φ i ) as a difference of two effective adelic (in fact, arithmetic) divisors:
. Then for any ε > 0, we can approximate E − D by elements in
Thus we have
Since the right-hand-side is a compact convex subset with volume vol t (D) (see Proposition 3.4 (2) below), we have
The concave transform 
(see [2] , [11] ). Here the integrals are taken with respect to the Lebesgue measure on R d .
Proposition 3.4. Suppose that D is big.
(1) For any t ∈ R with t < e asy max (D), we have
where the first vol stands for the Lebesgue measure on
is positively homogeneous of degree one, concave, and continuous: that is,
and
for every D, E ∈ Big a R (X), and lim ε1,...,εm→0 ϕ1 sup,..., ϕn sup→0
Proof
(2): For adelic R-divisors D and E, we have homomorphisms
for n 1. Thus (2) follows from the same arguments as in [8, Corollary 4.12] .
Lemma 3.5. If D is big, then the following two conditions are equivalent.
Moreover, if D is ample, then the following is also equivalent to the above. (
In particular, if D is big, then
Proof. Set
On the other hand, for any ε > 0, vol Remark 3.7. An arithmetic divisor H = (H , g H ) on X is said to be ample if g H defines a C ∞ -Hermitian metric, H is ample, ω(H ) is a positive (1, 1)-form, and, for every n ≫ 1, H 0 (X , nH ) is generated by sections with supremum norms less than one. Let K := Q or R. An arithmetic K-divisor H is said to be adequate if there exist ample arithmetic divisors H 1 , . . . H l , a 1 , . . . , a l ∈ K >0 , and a nonnegative continuous function
Proof. (1): Note that, if F t (X, nE) = H 0 (X, nE) for a t > 0 and for every n ≫ 1, then we have vol 0 (E) = vol(E). Step 1. Let H be an adequate arithmetic R-divisor on a normal model X as in Remark 3.7. Since H can be approximated by adequate arithmetic Q-divisors on X , we have vol 0 (D) = vol(D) by using the above note and the continuity of vol 0 (Proposition 3.4 (2)).
Step
be a nef and big adelic R-divisor on X,
′ is relatively nef, and g (X ,D ′ ) P − g P sup < ε for every P ∈ S. Let ̟ P be a uniformizer of O KP , and let . Thus we assume that t 0 < 0 and that there exists a u 0 ∈ ∆ t0 (D) such that s 0 := G D (u 0 ) > 0. We take an s with 0 < s < s 0 . For u ∈ ∆ t0 (D) and for p ∈ R with 0 p (s 0 − s)/(s 0 − t 0 ) 1, we have 
Arithmetic σ-invariants
Let X be a smooth projective variety of dimension d over K, and let ξ ∈ X be a point (not necessarily closed) on X. We fix an embedding K ⊂ K, and let ξ 1 , . . . , ξ r ∈ X K be the points underlying ξ, that is, ξ i → ξ. Then the multiplicity of D at ξ ∈ X satisfies (4.1)
Given a big adelic R-divisor D, we define the arithmetic σ-invariant of D at ξ ∈ X as σ ξ (D) := inf mult ξ (E) E ∼ R D and E 0 0.
Lemma 4.1. Let D be a big adelic R-divisor.
(1) For any φ ∈ Rat(X) Proof. One can find proofs of (1) - (6) (2), (3) . In fact, the function σ ξ : Big a R (X) → R is convex by (2), (3). Since
by (3), we may assume that ϕ j ≡ 0 for all j. Moreover, since each E i is a difference of two big adelic R-divisors, we may assume that E 1 , . . . , E m are all big. Since
by (2), (3), we may assume that ε 1 , . . . , ε m are of the same sign.
By (2), (3), we have
for sufficiently small ε 1 0, . . . , ε m 0. Hence lim sup ε1,...,εm→0+
Since D is big, we can fix δ 1 , . . . , δ m ∈ R >0 such that D − δ 1 E 1 , . . . , D − δ m E m are still all big. By (2), (3), we have
for sufficiently small ε 1 0, . . . , ε m 0. Hence lim inf ε1,...,εm→0+
for u ∈ R, the assertion follows from Lemma 3.1 (1) . (8) 
Proof. There exists a finite set S ⊂ Σ f such that, given any ε > 0, one can find an effective arithmetic R-divisor D on a normal model X ′ of X such that
• there exists a morphism µ : X ′ → X that extends the identity, • the closure Γ of Γ in X ′ is Cartier, and
We set a := mult Γ (D). Since D − a Γ is still an effective Cartier divisor, we can decompose D as D = a( Γ, g) + E , where g is a nonnegative Γ-Green function and E is an effective arithmetic R-divisor (see [10, Proposition 2.4 
.2]). Then we have
for every ε > 0. Hence we conclude the proof. Proof. Since σ ξ (A) = 0, the function
is monotone decreasing by Lemma 4.1 (3) . By taking a closed point in {ξ}, we may assume that ξ is a smooth closed point x in X. Let π : Y → X be the blowing-up with center {x}, and let Γ x be the exceptional divisor. Then, by choosing adelic divisor H a on Y as in Lemma 4.2, we have
for every ε > 0. Thus we have σ x (D) < +∞. Let A ′ be another nef and big adelic R-divisor. Since A is big, there exists a δ > 0 such that A − δA ′ is big. By Lemma 4.1 (3),
A for A ′ , we conclude the proof. We extend Lemma 4.1 to the pseudo-effective case as follows.
Proposition 4.5. Let D be a pseudo-effective adelic R-divisor.
(1) For any φ ∈ Rat(X)
be sequences of real numbers that converge to zero, and let (ϕ 1k )
. . , v n ∈ Σ, and ϕ j ∈ C 0 vj (X) with ϕ j 0, we have lim ε1,...,εm→0+ ϕ1 0,...,ϕn 0 ϕ1 sup,..., ϕn sup→0 (3), (6) follow from Lemma 4.1 (1) - (3), (5), respectively.
(4): We fix a nef and big adelic R-divisor A. Given any ε > 0, there exists a δ > 0 such that
By Lemma 4.1 (4), there exists an N 1 such that
for every k N . Moreover, we have (4.8)
since A is nef. Thus, by (4.6), (4.7), (4.8), we have
for every i N . Hence we conclude. (5): Since E 1 , . . . , E m are pseudo-effective and (0,
by (2), (3) . On the other hand, we have (4.10) lim inf ε1,...,εm→0+ ϕ1 0,...,ϕn 0 ϕ1 sup,..., ϕn sup→0
by (4). Thus we conclude. 
for every x ∈ U n . We set U : 
(2) Suppose that D is pseudo-effective. Then
Proof. We give a proof of (2). If D is big, then the assertion is nothing but [9, Lemma 3.3], [11, §7.3] . Note that ∆ 0 (D) = ∅ and D + (0, 2t [∞] ) is big for all t > 0 by Lemma 3.9 (1), and that the function
is monotone decreasing and
by Remark 3.2 (3) and Proposition 3.4 (3). Hence we have
by Proposition 4.5 (5). 
(2) follows from (1) since NBs(D) = ∅ for nef D ([13, Chap. III, Proposition 1.14]).
Absolute minima
In this section, we prove that σ x (D) = 0 implies h D (x) 0 for a pseudo-effective adelic R-divisor D (Corollary 5.5). The outline of the proof is as follows: we fix an effective adelic R-divisor D ′ ∼ R D + A with small multiplicity at x and choose a suitable curve
As an application, we prove a characterization of nef adelic R-divisors in terms of arithmetic numerical base loci (Theorem 5.6). We also evaluate the absolute minima of generically big and vertically nef adelic R-divisors in terms of arithmetic numerical base loci (Corollary 5.7).
Proposition 5.1. Let X be a smooth projective variety over K, let x ∈ X(K) be a rational point, and let I be the ideal sheaf defining the simple point {x} in X. Fix an adelic divisor A on X such that
is surjective. Then, for any effective adelic R-divisor D, we have
Remark 5.2. Let X be an O K -model of X, and let J be the ideal sheaf defining {x} in X . We can find an ample divisor A on X such that Proof. There exists a φ ∈ H 0 (X, A − x) such that A + (φ) is effective and •
Proof. Let r := [K(x) : Q], and let x 1 , . . . , x r be the points on X an ∞ underlying x. We can find a very ample line bundle H such that
is surjective. By Lemma 3.1 (2) and (4.1), a general section s C ∈ H 0 (X, H ⊗ I) ⊗ Q C has the following properties:
• div(s C ) is generically smooth, • s C does not pass through any generic point of D 1,C , . . . , D l,C , A C , and
Thus we can find an s ∈ H 0 (X, H ⊗ I) such that s C has the all properties above, and set X ′ := div(s).
The ideal sheaf I ′ := IO X ′ defines the reduced induced scheme structure on {x} in X ′ . Since
is commutative, we can apply the induction hypothesis and have
by Lemma 2.4 (4).
Corollary 5.5. Let X be a smooth projective variety over K, let D be a pseudoeffective adelic R-divisor, and
Proof. Let I be the ideal sheaf defining {x} in X, and fix an adelic divisor A on X such that
is surjective. Since σ x (D) = 0, given any ε > 0, we can find a φ ∈ Rat(X)
by Proposition 5.1 and Lemma 2.4 (1). Hence we conclude the proof.
If D is pseudo-effective, we have
by Corollary 5.5, and, if D is nef, then both are empty. In view of Theorem 5.6, we can regard that these two sets measure the "non-nefness" of D. As we shall see in Example 5.2, these two sets do not coincide if D is not nef. If d = 1 and D is big, then we know that the both sets are finite (Proposition 5.8).
Theorem 5.6. Let X be a smooth projective variety over K and let D be a vertically nef adelic R-divisor on X. Then the following three conditions are all equivalent. (
Moreover, if D is ample, then the following also coincides with the above. 
) is nef by Theorem 5.6. Thus h D (x) t for every x ∈ X(K) and (a) (b) (resp. (a) (c)). By Lemma 3.5, we have (c) = (d).
If D is an ample adelic Q-divisor, then by [16, Corollary (5.7)] and [17, Theorem 1.10] we have (a) = (e). In general, since we can approximate D by ample adelic Q-divisors, the assertion holds by Lemma 2.5 (3).
Proposition 5.8. Suppose that D is big and that D admits a Zariski decomposition D = P + N : that is, P is nef, E is effective, and vol(P ) = vol(D) (see [7] ). Then we have NBs(D) = Supp(N ). We consider the following four conditions. 
Proof. (c) ⇒ (d) holds since h N (x) 0 for every x ∈ X(K).
g P and D is relatively nef for P ∈ Σ f , and
Suppose that
Proof h Da,ρ (x) = min{log a 0 + ρ(x 0 ), log a 1 , . . . , log a d }.
Proof. (1)- (5) follow from the general theory ( [2] , Lemmas 3.8, 3.9, and 4.7 (2)). For x ∈ X (Q), we have 
